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Description of the Project
Every day we encounter many different types of networks. These can be social networks, tele-

phone lines, computer networks, travel networks, or our energy grid. In mathematics the study
of networks falls under the general area called Graph Theory. When we study a network we are
studying a set of objects and the relationships between these objects. These object could be parti-
cles, people, cities, words, houses, or any other object. The relationships could be bonds, sexual
contacts, flight paths, memory associations, underground power lines or any other relationship.
Mathematicians model these networks as a graph with a vertex set representing the objects and an
edge set representing the relationship or connection between the objects.

Recently an increased emphasis has been put into making sure networks are reliable. If a few
connections fail or a few objects fail, we want to make sure the network remains operational. Over
the past 50 years, several different measures of network reliability have been developed for differ-
ent circumstances. Two of the first measures developed include the edge connectivity parameter
and the vertex connectivity parameter. The edge connectivity parameter for a graph is the least
number of edges that can be remove from the graph in order to make the graph disconnected. In
other words, what is the least number of edges that could to be removed in order to disconnect the
network. Similarly, vertex connectivity parameter considers the least number of vertices that can
be removed from the graph in order to make the graph disconnected.

In many applications networks can remain operational as long as a minimum number of ob-
jects are connected. For example, if the vertices represent batteries we may only need 4 or more
batteries connected to have enough power to remain operational. This example drives two new
measure for network reliability; the component order edge connectivity parameter and the compo-
nent order vertex connectivity parameter. The component order edge connectivity parameter of a
graph for a fixed value of k is the least number of edges that must be removed in order to produce
a subgraph which does not contain a component of order at least k. In other words, this means
we remove the least amount of edges so that the remaining graph does not have k or more vertices
connected. So for our example, assume a network will work if there is at least 4 batteries con-
nected and the network fails otherwise. The question we are asking is: What is the least number
of edges we can remove to make the network fail? Similarly, the component order vertex connec-
tivity parameter measures the least number of vertices we need to remove to make the network fail.
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These two measures of reliability have been considered only for the past 15 years. I previously
published a paper with a SOAR student on these measures. In the paper we considered finding the
minimum and maximum value of these parameter based on a fixed number of vertices and edges.
So we were concerned with finding the “most” and “least” reliable networks under these measures.

In this SOAR project we are proposing to combine these two measures into one measure - the
mixed component order connectivity parameter. In many applications it is not just the vertices that
fail or the edges that fail, but it could be that both vertices and edges fail. Although this has been
considered in the case of vertex and edge connectivity, it has not been considered for the more
recently developed component order connectivity parameters. We would like to extend several
fundamental extremal graph theory results to this new measure. For example, if we are only al-
lowed to remove v vertices, what is the least number of edges we can remove to make the network
fail? If we think of the number of edges we need to remove as a function, f , of the number of
vertices v, what properties does the function f (v) have?

The main goal of this project is to have Adam understand and experience what it means to
do math research. Unlike many areas of mathematics, the study of graph theory and developing
our own measures allows students to get into the forefront of research with minimal background
reading, ultimately spending more time doing research rather than reading research.

As a transfer student, Adam participated in the MCS 2 summer program last summer and
worked on a research project for 20 hours per week for 10 weeks. Although the project was
unrelated to the current proposal, Adam enjoyed and excelled at the project. He is also conducted
an independent study with me during the spring semester. Currently we are looking at other areas
of extremal graph theory and this experience is providing him with an opportunity to learn about
the different tools used to prove results in extremal graph theory.

Roles and Responsibilities
The project will begin with some background reading on different reliability measures. Adam

has already started to research several papers on his own. Adam will be responsible finding and
summarizing any material that has previously been studied on this topic. This will include writing
summary papers for each relevant article. This will serve as an introduction to the mathematical
concepts used in analyzing network reliability.

After the literature review is complete, Adam and I will start to develop questions and conjec-
tures based on the proposed measures. This may involve doing some programming in MAPLE. I
anticipate one important result from the project to be an existence theorem and therefore construc-
tive in nature. So Adam and I will need to construct example networks based on our conjectures
in order to show the results are true. We will also work towards proving other conjectures based
on our findings. Here we will most likely have to adjust the parameter definition, pose different
questions, and develop new conjectures in order to prove results. This is a valuable step for a
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student to understand how to conduct mathematical research. Often in mathematical research the
original problem will need to undergo several changes and possible simplifications until it becomes
something solvable.

Timetable

• 1 weeks: Background reading
• 2 weeks: Developing conjectures based on readings and current work
• 5 weeks: Attempt to prove conjectures and making appropriate adjustments
• 2 weeks: Write up results

Engagement in Discipline-Appropriate Scholarly Research
This project will follow the general outline of pure mathematical research. This includes gain-

ing background information, developing sound definitions and measures, analyzing or proving
results based on these definitions and measures, and communicating (both written and verbally)
results to different audiences. Adam will have a major role in all phases of the project.

Contribution to the Discipline and Opportunities to Share Work
This project will contribute knowledge to the general understanding of network reliability

which engages many different disciplines. I am particularly interested in this project because it
combines two of my areas of research; network reliability and extremal graphs. It is my hope that
we can produce at least one published paper from this work as well as several local and regional
talks.

Another goal of this project is to have the student prepare a presentation suitable for an under-
graduate conference. Of particular interest is the Fall EPaDel meeting at Delaware Valley Univer-
sity. In addition to an off campus presentation, the student will present his findings during one of
the weekly math club meetings. This will benefit other students by making them aware of SOAR
projects and show that math research is accessible to undergraduates. It will also benefit other stu-
dents by showing them that mathematics is more then what is done in the class room - it is exciting
and relevant.

Several of my colleagues at Seton Hall University were the first mathematicians who consid-
ered the component order connectivity parameter. I would hope that Adam and I can visit there
during the summer so that Adam can talk about the work he completed.

Summary of Benefits
The benefits of this project for the student include developing the students understanding of

mathematical research, strengthening the students excitement for graduate school, and improving
upon the level of undergraduate education for the students. For me, the benefits include developing
skills in mentoring undergraduates, contributing significant results to the general mathematics field,
and engaging students in two areas of my research at the same time. For the department and
the college the benefits include increasing mathematical awareness on campus and enhancing the
scholarly atmosphere.
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